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Boundary Integral Equations for Recovery
of Design Sensitivities in Shape Optimization

M. R. Barone* and R. J. Yangt
General Motors Research Laboratories, Warren, Michigan

A new formulation for obtaining design sensitivities in shape optimization has been developed. The
formulation is based on a direct application of the material derivative concept to the appropriate boundary
integral equations for displacements and stresses in an elastic solid. As a check on accuracy, the approach was
applied to a uniformly loaded infinite plate containing an elliptical hole. In this case, the availability of an
analytical solution made it possible to calculate errors exactly. Furthermore, a wide range of stress states could
be considered simply by varying the aspect ratio of the elliptical hole. For convenience, the design sensitivities
were calculated with respect to changes in the major axis. Numerical convergence was established by comparing
results based on four successive boundary meshes. In general, the predictions for both displacement and stress
sensitivities were remarkably accurate.

Introduction

C URRENT interest in structural shape optimization is
motivated largely by increased demands for more cost-

competitive designs. Since most optimal design procedures
involve repeated finite-element analyses, large-scale imple-
mentation can be extremely costly/Computational costs can
be particularly prohibitive in shape optimization, where a new
mesh is required for each trial design. The need to minimize or
control such costs has fostered major advances in the area of
automated mesh generation.1'2 It has also provided the basic
incentive for considering the boundary-element method in
shape optimization.3'9 In the latter case, the mesh generation
is relatively straightforward and inexpensive because the
discretization is confined to the boundary. On the other hand,
the system matrices are unsymmetric and fully dense. There-
fore, the advantage of less expensive remeshing may be offset
by higher solution costs unless proper care is exercised.
Obviously, over-refinement should be avoided and substruc-
turing used whenever appropriate. Considerable savings can
also be realized by taking advantage of recovery procedures
for design sensitivities that eliminate the need for redundant
matrix inversions. This paper concerns the development and
evaluation of recovery procedures for design sensitivities that
follow directly from the primitive integral equations for dis-
placements and stresses on the boundary.

Considerable effort has been devoted to developing efficient
techniques for evaluating design sensitivities in the context of
the finite-element method.10"14 Of the existing finite-element-
based techniques, the adjoint variable approach and the
implicit differentiation method appear best suited for imple-
mentation in a boundary-element context. The adjoint vari-
able technique has been used by Mota Soares,5 Choi,6 and
Meric7 in a variety of boundary-element applications. Al-
though the formal adaptation of this technique is conceptually
straightforward, major computational difficulties arise when
evaluating displacement and stress sensitivities at discrete
points. The problem stems from the fact that the adjoint
solutions for these two cases correspond to a concentrated
force and moment, respectively. Strictly speaking, these solu-
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tions cannot be expressed in terms of the boundary-element
formulation because they give rise to unbounded integrals.
One remedy5 is to represent the concentrated force or moment
by a statically equivalent bounded load distribution. Although
some empirical guidelines for selecting load distributions have
been suggested in Ref. 5, the success of such schemes has been
marginal, especially in evaluating stress sensitivities.

In contrast to the adjoint variable method, the determina-
tion of design sensitivities by implicit differentiation of system
matrices is a relatively straightforward process. Recently, Wu8

employed a boundary-element version of the implicit method
to solve several interesting two- and three-dimensional design
problems. In this case, the derivative of the system matrix was
approximated by a finite difference. Although he was able to
show convergence of the solutions in the examples considered,
the effect of the finite-difference interval on convergence in
more general applications is still in question. An effective
alternative to the finite-difference algorithm in Ref. 8 was
developed concurrently by Kane,9 who generated the desired
sensitivities by differentiating the system matrix analytically.
Ultimately, however, this technique requires a direct differ-
entiation of the approximate shape functions used to repre-
sent both the field variables and coordinate geometry on the
boundary. Despite the basic appeal of Kane's approach, the
"load" point must be placed outside the region to avoid sin-
gular integrations. Besides being somewhat arbitrary, this
strategic adjustment appears to introduce unwarranted com-
plications. First, the element closest to the singular (load)
point is divided into eight subregions of varying length to
accommodate the sharply varying, albeit regular, kernels.
Although a total of 33 nonuniformly space sampling points
proved adequate in the examples considered, it was necessary
to modify the distribution to accommodate changes in the
position of the singularity. Furthermore, hundreds of sam-
pling points were required when attempts were made to
distribute them uniformly. Although a load point offset of
about 1 % was reported to work best in the applications
considered in Ref. 9, the prospects for success in problems
characterized by more severe stress raisers are uncertain.

In this paper, we develop analytical expressions for design
sensitivities by differentiating the basic integral equation for
displacements on the boundary directly as well as the corre-
sponding stress recovery equation developed by Cruse.15 One
of the advantages of this approach is it avoids the sensitive
process of determining singular adjoint solutions numeri-
cally.5'7 Unlike the technique proposed in Ref. 9, there is no
need to differentiate field variable shape functions in deter-
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mining stress sensitivities. Instead, the differentiation is done
analytically before performing the final quadrature, thereby
avoiding unnecessary numerical errors. An additional im-
provement in numerical implementation is accomplished by
using a special identity to remove all singular integrals from
the equations for displacement sensitivities, save those that
normally appear in the conventional boundary integral
equations. In an effort to entirely avoid singular integrals in
the equation for stress sensitivities, we consider a second
formulation based on an eigenfunction extraction technique.
This technique was first developed by Bar one and Robinson16

for determining stress fields near corners and cracks. Later
Vasilopoulos17 used a finite-element adaptation of this ap-
proach to recover stresses at regular boundary points.

In contrast to the approach taken in Ref. 9, the proposed
recovery integrals were evaluated with the singular (load)
point on the boundary. This not only eliminates the arbitrari-
ness in locating the singularity but does so without adding to
the computational burden. In fact, the numerical implementa-
tion of the resulting expressions involves little more than the
standard discretization used in conventional boundary integral
applications. Although the basic equations are developed in
the context of two-dimensional elasticity problems, it is
possible to derive the corresponding three-dimensional expres-
sions without introducing new concepts. Since the integration
procedures required for effective implementation differ sig-
nificantly from the two-dimensional counterpart, computa-
tional details pertaining to three-dimensional applications will
be considered in a future paper.

A review of the basic boundary integral equations for
two-dimensional plane-strain problems is provided in the next
section. This is followed by a derivation of the corresponding
recovery integrals for displacement sensitivities. We then show
how the numerical treatment of these expressions can be
simplified by applying a special identity to eliminate unneces-
sary singular integrals. Next, two different recovery equations
are developed for stress sensitivities. One follows directly from
Somigliana's identity, and the other is based on the eigenvalue
extraction technique for boundary stresses mentioned earlier.
Finally, the recovery process is applied to an example problem
of an infinite two-dimensional plate with an elliptical hole.
Numerical predictions generated for different mesh spacings
are compared to analytical results based on the exact plane-
strain solution. The effect of geometry is determined by re-
peating the analysis with aspect ratios for the hole boundaries
of 1, 4, and 8, which correspond to stress concentrations of 3,
9, and 17, respectively. Computing design sensitivities for this
extreme range in stress concentration serves as a rigorous test
for the method.

Design Sensitivity Analysis
Consider a two-dimensional elastic solid R subject to

prescribed displacements ua and/or tractions ta on the
boundary dR.. (Greek subscripts or superscripts take the
values 1, 2, and summation is implied over repeated indices in
the usual manner.) In this case, Somigliana's integral iden-
tity18'19 for the displacement UK at point y can be expressed as

respectively, then

ds(x)

A =
1: yeR
j: y e dR (1)

where jc e dR is the field point and ds(x) the associated
element of arc length. If we consider the plane-strain case and
let p and v denote the shear modulus and Poisson's ratio,

-")

-V)r<

(2)

where r = \x —y \, ( )>a = d( )/dxa, and n is the outward unit
normal. These kernels are the well-known fundamental
(Kelvin) solutions associated with two concentrated loads
acting in mutually perpendicular directions ( K = I , 2) at the
point y.

Equation (1) forms the basis for the ensuing design
sensitivity analysis. Although this analysis focuses on the
determination of sensitivities at boundary points, the basic
equations are also valid when y 6 R. Clearly there is no need
to dwell on the latter case, since all related integrations are
regular and can be carried out routinely. Moreover, the critical
displacements and stresses usually occur on the boundary.

It is assumed in developing the recovery integrals for design
sensitivities that shape changes occur continously. To simplify
the development, let the finite-dimensional vector b represent
the shape, of the region J?. Then Eq. (1) can be rewritten as

(3)

where t*9 unlike u^ is a function of b because it depends
explicitly on the unit normal n. After taking the total
derivative of Eq. (3) with respect to the design variable bi9 we
obtain

ds(b,

ds(b,x)

(4)

where (*) denotes d()/dbit ds=.(x0t& — n(/i&xott&)dslo'n and

_d_
"dbf

The minus sign in Eq. (5) occurs because differentiating either
kernel with respect to ya instead of xa changes the sign of the
resulting gradient. If we associate the design change with a
physical deformation and equate bi with time, then (*) is
formally equivalent to a material derivative.

Although the recovery of displacement and traction sensi-
tivities from Eq. (4) is conceptually straightforward, it is
helpful in developing an effective computational approach to
consider first the asymptotic character of the corresponding
integrands as x -~y. It follows from the usual small argument
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expansions for the kernels in Eq. (2) that

<T = 0(1/5)

0^=0(1/5)

(6)

where s is the arc length coordinate of x measured from y. A
similar expansion of the local geometry gives

(7)

As indicated previously, Eq. (7) is based on the assumption of
continuous design or geometric perturbations. If we, regard
such perturbations as physical deformations, then all motions
are admissible, except those that induce rupture. Clearly this
level of generality is consistent with the concept of continuum
shape optimization.10

After substituting Eqs. (5-7) in Eq. (4), we observe that the
resulting integrands are ' O(l/s). Although special tech-
niques19'20 can be used to determine the corresponding Cauchy
principal values, they are usually considerably less convenient
to implement than routine Gauss quadrature. In this case,
however, it is possible to simplify the computations by
recasting Eq. (4) in a more appropriate form. First consider an
arbitrary rigid body translation where u£ = constant in R and
all admissible design perturbations R + dR. Replacing iiK in
Eq. (4) by this special solution yields the identity

0 (8)

Subtracting Eq. (8) from Eq. (4) gives

[ia(b ,x)u^(xjO- ua(b ,x)t*(b ,jc ,y)] ds(b ,jc)
dR

^ [ta(b ,x)uK
a(x ,y) - ua(b ,x)iK

a(b ,x,y)] ds(b ,x)

,y)]ds(b,x) (9)

where ua(b ,x) = ua(b ,x) - u*. Next we let u* = ua(b ,y) so that
ua = O(s) when x ̂ y. Now it follows from Eqs. (5-8) that the
last two integrals in Eq. (9) are regular and can be evaluted
using standard Gauss quadrature. Except for a difference in
field variables, the first line in Eq. (9) is identical to the basic
boundary integral equation, Eq. (3). Hence, the same stan-
dard numerical procedures employed in the solution of Eq. (3)
can be used to solve Eq. (9) for UK and/or iK. Furthermore,
there is no need for additional matrix inversions once Eq. (3)
is solved, because the coefficient matrices associated with
UK, tK and UK, iK are identical.

An appealing feature of the recovery process embodied in
Eq. (9) is that all derivatives are evaluated analytically prior to
discretization. Although it is possible to retain this advantage
in stress sensitivity analyses, the choice of a suitable primitive
recovery equation for the boundary stress aaf3 is less obvious.
Two equally admissible but very different representations for
stress are considered in this paper. The first was introduced by
Cruse15 in the context of fracture mechanics and can be
derived by substituting Eq. (3) into the constitutive equations
for plane strain and removing a rigid body motion. After
rewriting the expression in Ref. 15 to reflect the proper

dependence on the design vector b we obtain

_ r

-u^b^S^b-^^)]- (10)

where

1
[0-

+ (1 - + n (11)

Differentiation of Eq. (10) with respect to bf yields the
corresponding expression for stress sensitivity

dR
[iy(b , ,y) - uy(b ,x)S

[ty(b ,x)Dyoi0(x oO - uy(b ,x)Syap(b ,* ,y)]ds(b ,*)

\ [ty(b ,x)Dyap(x jO -uy(b ,x)Syaj3(b ,jc ,y)]ds(b ,*)
R (12)

It follows from Eqs. (7) and (11) that the integrals in
Eqs. (10) and (12) contain terms of O(l/s) like those that
appear in the basic integral equation, Eq. (3), for displace-
ments and tractions on the boundary. In the former case,
however, the simple rigid body displacement technique18'19 for
evaluating Cauchy principal values indirectly does not apply.
Therefore, a method developed by Kutt19'20 for finite-part
integration was employed in the example problem considered
in the next section.

Recently, Vasilopoulos17 proposed an eigenfunction extrac-
tion procedure for stress recovery that eliminates the need for
singular integrations when the boundary conditions are homo-
geneous. This approach is based on integral equations first
developed by Barone and Robinson16 for determining stresses
at corners of arbitrary angle a. Letting a = 7r in the general
formulation produces the desired stress recovery equation. In
this case, the local stress field at y is determined by the leading
term of an eigenf unction expansion, which is known a priori
except for a multiplicative stress parameter K. After removing
the rigid body motion u^ = ua(bty) in the usual way, the
integral equations for .^T16'17 can be expressed as

(13)

where u^ and /* are special kernels derived from eigensolu-
tions to the infinite elastic wedge problem that satisfy the
appropriate homogeneous boundary conditions. As long as
the actual boundary conditions at y are the same, the
integrands in Eq. (13) remain bounded. Usually, the solutions
for u * and t* are expressed in polar form.21 For the traction-
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free case considered in this paper,

= — P
P

(14)

where p and <p are polar coordinates. The corresponding
stresses at y with <p = 0 are

(15)= a,,, = 0

where ap is the so-called "skin" or tangential stress that of-
ten controls in design. The expression for the corresponding
stress sensitivity is obtained by taking the total derivative of
Eq. (13). One can easily verify that the resulting integrands are
regular at y'=0. At first, this appears to represent a signifi-
cant computational advantage over the direct formulation of
Eq. (12), which contains singular terms O(l/s). The extent to
which this basic difference affects accuracy is examined
experimentally in the next section.

Numerical Example
Although the previously derived recovery integrals for

design sensitivities are appealing from an analytical stand-
point, the ultimate utility of these expressions must be
evaluated in a numerical context. Rather than offer an
assessment of the approach based on a catalogue of diverse
design applications, we seek the basic insight that derives from
considering a problem with an analytical solution. With this as
a primary objective, numerical results were generated for the
infinite elastic plate with an elliptical hole subject to a uniform
tension aw acting at infinity (Fig. 1). For simplicity, the major
axis a was chosen as the sole design variable. By restricting
the design variable in this way, we were able to obtain exact
solutions for the sensitivities and still ensure a nontrivial
perturbation of the initial shape. (Details of the analytical
differentiation are given in the Appendix.) The availability of
the exact solutions made it possible to determine the absolute
error of the recovery procedures developed in the previous
section. We were also able to quantify the effect of severe
stress raisers on accuracy by comparing results for increasing
values of the aspect ratio a /b.

All numerical calculations were performed using conform-
ing quadratic boundary elements with approximate displace-
ments calculated from Eq. (3) to ensure an unbiased evalua-
tion. A standard eight-point Gauss formula was employed in
evaluating regular integrals. Cauchy principal values were
obtained using Kutt's eight-point integration rule for finite-
part integrals.19'20 The unit normal n at integration points was
determined by direct shape function differentiation in the
usual way. Since the recovery integrals vanish when JC-^QO
in the auxiliary problem (the actual problem minus the
homogeneous solution associated with the uniform stress at
infinity), it was only necessary to discretize the inner elliptical
boundary. The boundary elements were spaced at equal
increments of the eccentric angle defined in the Appendix,
thereby ensuring a suitably graded mesh near the stress
concentration. Four progressively finer meshes were employed
to determine the rate of convergence for three different aspect
ratios: a /b = 1,4, and 8. The corresponding nodal positions
are shown in Fig. 2 for a/b =4. To avoid dealing with

Fig. 1 Two-dimensional infinite plate with elliptical hole.

20 Nodes

40 Nodes

Fig. 2 Boundary element meshes (a/b = 4).

inordinate amounts of data, subsequent error evaluations are
confined to the maximum displacement and stress sensitivities
at the respective boundary points B and A shown in Fig. 1.

The displacement sensitivities du2/da from Eq. (9) at the
point B were found to be extremely accurate over a broad
range of mesh spacings and aspect ratios. Explicit results for
a/b = lt 4, and 8 are listed in Table 1. As expected, the
maximum error (about i.1%) occurred with the coarse mesh
(20 nodes) and a/b = 8. In general, a modest increase in the
number of nodes from 20 to 40 reduced the maximum error to
less than 0.02%. Furthermore, this error was never signifi-
cantly greater than the error in the corresponding displace-
ments from Eq. (3).

Next we consider the maximum tangential "skin" stress
obtained by evaluating Eq. (10) at the point A in Fig. 1. The
corresponding stress sensitivity da^/da was generated using
the direct formulation of Eq: (12), which was derived from
Eq. (10). We also determined the stress sensitivity using the
alternate eigenfunction extraction procedure described in the
previous section. The results shown in Table 2 indicate that
both methods converge to the correct results for all three
aspect ratios. Although a finer mesh was required to maintain
accuracy as the aspect ratio increased, the convergence was
extremely rapid in all cases. Even with a/b = 8, the error was
reduced to less than 4% when the number of nodes was in-
creased from 20 to 40.

Since the direct and eigenfunction extraction techniques
yield comparably accurate results, there does not appear to
be any compelling reason for selecting one method over the
other. At this point, however, we recommend the direct ap-
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Table 1 Percent error in displacement sensitivities

a/b Nodes
l(3)a 20

40
80

160

4(9) 20
40
80

160

8(17) 20
40
80

160

U2

0.05
0.00
0.00
0.00

0.04
0.0.1
0.00
0.00

0.22
0.02
0.00
0.00

du2/da
0.00
0.00
0.00
0.00
0.07
0.01
0.00
0.00

1.12
0.02
0.00
0.00

aParentheses indicate stress concentration factor.

Table 2 Percent error in stress sensitivities

a/b
K3)a

4(9)

8(17)

Nodes
20
40
80

160
20
40
80

160

20
40
80

160

-0.25
-0.04

0.00
0.00

2.75
0.78
0.11
0.01

4.11
1.93
0.44
0.06

. &
-0.28
-0.04
-0.01

0.00

3.15
0.85
0.12
0.01

4.22
2.09
0.48

. 0.07

da2/da
0.66
0.07
0.01
0.00

5.42
2.16
0.37
0.05

6.52
3.49
1.13
0.20

dJyda
0.77
0.07
0.01
0.00

6.00
2.35
0.41
0.05

2.95
3.62
1.23
0.21

aParentheses indicate stress concentration factor. Extraction tech-
nique.

proach, since it can be extended to three-dirnentional prob-
lems without introducing major theoretical modifications. A
similar generalization of the extraction technique is likely to
require a more elaborate theoretical treatment.

Appendix: Analytical Displacement and
Stress Sensitivities

Consider a two-dimensional elastic solid with an elliptical
hole subject to a uniform stress a^ in the x2 direction at
infinity as indicated in Fig. 1. Let a and b denote the major
and minor axes of the elliptical boundary. If B is the eccentric
angle, then the hole geometry can be represented parametri-
cally by the position vector

r = a j + b sin#£2 (Al)

where ea(a=l, 2) are the unit base vectors. In the case of
plane strain, the solution for the displacement ua(a= 1, 2)
given in Ref. 22 can be expressed as

u{=^— [>n(m - 1) cos<9 + (2F-D)/A ]

~m) smO-(2C-B)/A] (A2)

where

= (a+b)/2

cos20

3) sinfl - (1 + m ) sin30

m + m2) cos30

-ra) cos30 (A3)

After some tedious but straightforward manipulation, the
corresponding tangential "skin" stress OQ on the hole bound-
ary reduces to

+ 2m-m2 + 2 cos20
cos26 (A4)

If we regard the major axis a as a design variable, then the
displacement sensitivities are obtained by differentiating Eq.
(A2) as follows:

^T=A '/ bai^2 fa\da 4p.(a + b) (. I 77 cosfl + A(2F'-D')-A'(2F-D)1
A2

2F-D
(l+m)2 l'lv"- -'—•" ' A

A(2C' -B')-A'(2C-B}-\du2 &OQO ( \
-^=^TWlRrsl

b r————-^ rj(m —3) si

where

A ' = 2m + 2 cos20

sin(9 + 2C-B
(A5)

C' = (2 - 6m + 3m2) sin0 - sin30

D' =m(3m-4) cos0-(l+2/w).cos30

F' =m(3m —2) cosO — cos3B

Similarly, differentiation of Eq. (A4) gives

dofi da* dm —2b daft

where

dog =
dm

da dm da (a + b)2dm

-hm2 + 2m cos20)-(ra +cos20)

(A6)

(A7)

x ( l + 2 m - m 2 + 2 cos20)]/(l
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